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ABSTRACT Multiphase thermal-hydraulic networks are monitored and controlled through sparse, heterogeneous sensors whose placement is often
determined by convenience rather than identifiability. In gas-liquid systems, macroscopic predictions depend on partially observed internal states
and on regime-dependent transport mechanisms that change with operating point and geometry. This paper develops a principled framework for
joint sensor placement and input excitation design in networked two-fluid models, targeting state and parameter observability under thermodynamic
admissibility constraints. The core idea is to quantify the value of a sensing configuration by its expected information gain about latent flow structure,
computed from a constrained probabilistic dynamics model whose evolution operator is entropy stable and positivity preserving. Design variables
include discrete sensor locations, sensor modalities with distinct noise and bandwidth properties, and admissible actuation trajectories that
excite informative modes without violating safety limits. The resulting problem is posed as a mixed discrete-continuous optimization over mutual
information and D-optimality surrogates derived from trajectory-dependent sensitivity operators. To make the design tractable at network scale,
the approach introduces amortized adjoint computations for entropy-stable semidiscretizations, and it employs relaxation-based approximations
for Fisher information that remain accurate in stiff, regime-transitioning conditions. Computational studies in annular and branched configurations
demonstrate that optimal designs shift instrumentation toward junction-adjacent segments and prioritize differential measurements that condition
latent slip and holdup modes, while carefully shaped boundary excitations can reduce posterior uncertainty without increasing risk. The framework

provides a technical basis for instrumentation decisions in multiphase systems where sensing is expensive and observability is inherently limited.

mance objectives is distributed in space, strongly non-

1. Introduction

Instrumentation in multiphase thermal-hydraulic sys-
tems is frequently treated as an engineering afterthought,
yet it is a first-order determinant of what can be inferred,
controlled, and certified. In gas-liquid networks, the
internal state that drives safety constraints and perfor-
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linear, and only partially observed through signals such
as pressures, differential pressures, point temperatures,
and occasionally integrated void fraction proxies. Even
when a mechanistic two-fluid model is available, its pre-
dictive utility hinges on how well the unmeasured state
can be reconstructed and how much of the latent interfa-
cial structure can be constrained by the available sensors.
When observability is poor, the same measured pressures
can be explained by multiple internal configurations that
differ substantially in void fraction distribution, slip, and
phase momentum partitioning. This ambiguity propa-
gates into conservative operating margins, delayed fault
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Figure 1 End-to-end design loop: admissible two-fluid network simulation feeds trajectory sensitivities and information metrics,
enabling joint optimization of sparse heterogeneous sensing and safe excitation trajectories over representative scenarios.

detection, and brittle control actions that rely on unveri-
fied internal estimates.

The practical difficulty is not merely that sensors are
sparse, but that multiphase dynamics are structurally
ill-conditioned for inference. The mapping from state to
measurements is often low rank because many sensors
integrate information over a long segment and are pri-
marily sensitive to aggregate pressure loss rather than
local holdup. The dynamics can also dissipate high-
frequency perturbations rapidly, meaning that even if
a local disturbance is present, it may not leave a per-
sistent signature in boundary measurements [1]. In ad-
dition, the effective transport mechanisms change with
operating conditions: a small change in inlet quality or
backpressure can reorganize interfacial structure and
alter slip, friction partitioning, and heat transfer, which
in turn changes the sensitivity of measured signals to
internal variables. Under these conditions, naive sensor
placement rules, such as uniformly spaced pressure taps
or only inlet/outlet instrumentation, can leave the sys-
tem practically unobservable in precisely those regimes
where inference is most needed.

Data-driven regime recognition results underscore
that measurable signals can contain rich information
about multiphase structure even when mechanistic state
is not directly observed. Manikonda et al. (2021) re-
ported an early and unusually high-performing set of
machine-learning classifiers that could infer gas-liquid
flow regimes in annular-channel settings with near real-
time latency and accuracy close to 98%, indicating that

regime-dependent interfacial configurations can be de-
tected reliably from accessible features [2]. That capabil-
ity is relevant here not because regime labels are the tar-
get of this paper, but because it motivates an information-
theoretic view: if measurements contain latent structure
information, then the question becomes which measure-
ments, at which locations, and under which excitations
make that information identifiable for the variables that
matter for prediction and safety.

This paper develops a framework for designing instru-
mentation and excitation to maximize observability in
networked two-fluid models while respecting thermody-
namic admissibility. The design objective is not to fit a
closure model or to construct a surrogate, but to select
a measurement architecture that yields posterior con-
traction on latent state variables and critical uncertain
quantities under a constrained probabilistic dynamics
model [3]. The central thesis is that the value of a sen-
sor configuration must be evaluated on trajectories, not
at a single operating point, because sensitivity and in-
formation content are transient and regime dependent.
Furthermore, the design must account for physical con-
straints that exclude many mathematically optimal ex-
citations; the most informative boundary perturbation
may be unsafe, and a physically consistent design must
balance identifiability against risk.

The approach is built on four ingredients that are com-
bined into a single optimization formulation. The first
ingredient is a networked two-fluid semidiscretization
that is entropy stable and positivity preserving, so that
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Figure 2 Directed-graph abstraction of a multiphase network: edges are conduit segments and nodes are junction/boundary
manifolds. Candidate sensing is represented as localized modalities (e.g., p, Ap, T) placed near junction-adjacent segments that

frequently dominate identifiability.
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Figure 3 Entropy-stable time stepping with an admissibility projection: the update evolves the two-fluid network state and then
enforces positivity and a discrete entropy inequality before producing sensor predictions through a modality- and placement-

dependent measurement map.

sensitivity analysis and information measures are com-
puted on admissible trajectories rather than on unphysi-
cal states. The second ingredient is a probabilistic model
of process noise, sensor noise, and model discrepancy
thatyields a coherent posterior distribution, so that infor-
mation gain can be defined as a reduction in posterior un-
certainty rather than as an ad hoc sensitivity metric. The
third ingredient is an information criterion, based on mu-
tual information and D-optimality surrogates, that quan-
tifies how a candidate sensing architecture constrains
latent variables of interest along representative trajecto-
ries. The fourth ingredient is a computational strategy
that makes the resulting mixed discrete-continuous opti-
mization feasible: adjoint-based gradient evaluation for
continuous excitation variables, relaxations and greedy
selection for discrete sensor placement, and amortiza-
tion of sensitivity computations across candidate archi-
tectures.

The contribution differs from classical optimal exper-
imental design in fluid systems in two ways [4]. First, it
emphasizes admissibility and entropy consistency as con-
straints that shape sensitivity and information. In multi-
phase models, sensitivity computed about unphysical or

entropy-violating trajectories can be misleading because
it may exaggerate unstable modes that are artifacts of an
inadmissible closure or discretization. Second, it targets
networked systems where junction coupling and bound-
ary interactions dominate observability, so that optimal
instrumentation is not a simple extension of single-pipe
sensor placement. The framework explicitly accounts for
graph topology and for the fact that junction regions can
act as information bottlenecks in which local uncertainty
propagates nonlinearly into downstream measurements.

The paper is organized to reflect the logic of the de-
sign problem. The next section formalizes the networked
two-fluid model, the admissibility constraints, and a mea-
surement abstraction that captures sensor heterogene-
ity and time aggregation. The third section develops
trajectory-dependent information measures, including
mutual information approximations and Fisher informa-
tion operators, and relates them to observability in non-
linear dissipative systems. The fourth section formulates
the joint sensor and excitation design as a constrained
mixed optimization problem and derives computation-
ally tractable relaxations, including adjoint-based gra-
dients under entropy-stable updates and greedy selec-
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Figure 5 Mixed discrete—continuous design strategy: sensor placement is updated via marginal information gain under budget
limits, while admissible boundary excitations are refined by adjoint gradients under explicit risk constraints to maximize trajec-

tory information content.

tion criteria with submodular structure under suitable
approximations [5]. The final section presents computa-
tional studies in annular and branched configurations
thatillustrate how the optimal design reallocates sensors
and prescribes safe excitations that improve identifiabil-
ity, and it discusses failure modes where observability
is fundamentally limited. The conclusion summarizes
implications for instrumentation practice in multiphase
thermal-hydraulic networks.

2. Networked Two-Fluid Dynamics, Admissibil-
ity, and Measurement Abstractions

Consider a directed graph representation of a multiphase
network in which each edge corresponds to a conduit
segment and each node corresponds to a junction or
boundary manifold. On each edge, cross-sectionally aver-
aged two-fluid balance laws evolve phase masses, phase

momenta, and phase energies. Let k € {g, ¢} denote
gas and liquid. With volume fractions ax (x, t) satisfying
ag +ae = 1, phase densities py, velocities vk, and specific
total energies E; = e + %uf, define conservative vari-
ables per edge cell. The evolution on an edge is written
in semidiscrete form as

X(t) = f(x(t),u(t),6) +
y(t) = H(x(t),s) + v(b), (1

where x(t) € R~ stacks all edge cell conservative vari-
ables and selected node variables, u(t) € R™ represents
boundary and actuation inputs, and 8 € R™ collects un-
certain but slowly varying coefficients such as effective
friction scalings, junction loss scalings, or heat trans-
fer multipliers. The process noise w(t) represents un-
resolved turbulence, unmodeled small-scale variability,
and discretization error, while the measurement noise
v(t) represents sensor noise and telemetry imperfec-

w(t)
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Figure 6 Study configurations used to evaluate design outcomes: a single annular conduit highlights differential measurements
under shaped boundary forcing, while a branched network emphasizes junction-adjacent sensing that breaks confounding

between branch losses and junction coupling.

tions. The sensor architecture is represented by a dis-
crete design variable s encoding which sensors are de-
ployed, where they are placed, and which modality each
sensor implements.

The dynamics function f is induced by an entropy-
stable spatial discretization on each edge coupled
through junction constraints at nodes [6]. The junction
coupling enforces conservation while allowing pressure
losses and phase split behavior. For a node v with inci-
dent edges &(v), a representative conservation condition
is

Z SVE Fe,k(X,Uae) = O’ (2)

ec&E(v)

where F., denotes the phase mass flux and s,. encodes
the edge orientation relative to the node. Similar condi-
tions apply to total enthalpy flux. In practice, junction
models include additional algebraic constraints for pres-
sure and split fractions that can be nondifferentiable if
implemented with case logic. The present framework as-
sumes a differentiable junction representation, either by
smoothing switching relations or by using continuously
parameterized split functions, because sensitivity and
information computation require differentiability along
trajectories.

Admissibility is imposed through an entropy inequal-
ity and positivity conditions. Let n(x) denote a convex
entropy functional for the semidiscrete two-fluid system
and let w(x) denote its associated entropy flux. Entropy
stability at the discrete level is enforced by requiring
that, for each time step, the update satisfies a discrete
inequality of the form

nN(Xn+1) = n(xn) < At Z(xp, up, )
z(Xl’h Un’ 9) S O’ (3)

where X represents dissipative entropy production con-
tributions. Alongside entropy, positivity constraints en-
force a; € [e,1 - €] and nonnegativity of phase masses
and internal energies within bounds compatible with the
equation of state [7]. The role of these constraints in in-
strumentation design is subtle but important. Sensitivity
and information computed about inadmissible trajecto-
ries can artificially inflate certain unstable modes and
bias placement toward sensors that are only informative
for unphysical behaviors. By computing information on
admissible trajectories, the design aligns with physically
realizable dynamics and avoids pathological solutions
that would vanish under a physically consistent solver.

The measurement operator A(x, s) encapsulates sen-
sor selection and placement. Each sensor is defined by a
modality and a location, and many modalities are natu-
rally expressed as linear or weakly nonlinear functionals
of the state. A point pressure sensor is modeled as a
mapping to the local pressure variable computed from
conservative variables and the equation of state, while a
differential pressure sensor is modeled as a difference
of pressures at two locations. A temperature sensor is
similarly modeled as a local temperature computed from
phase energies and compositions. Time aggregation is
incorporated by allowing each sensor to report a filtered
value over a window, which is common for flow meters
and for telemetry that transmits averages [8]. A generic
aggregated measurement at time ¢, is

Yn = %‘/_NAh(x(t),s) dt + v, (4)

th

which can be embedded into the state-space model by
augmenting the state with filter memory or by approxi-
mating the integral with quadrature along the predicted
trajectory.

The sensor design variable s is discrete and combina-



Table 1 Elements of the networked two-fluid state-space representation.

Symbol Description Notes
x(t) € R™ Stacked conservative vari- Includes phase masses,
ables on edges and se- momenta, and energies
lected node variables for gas and liquid on each
edge cell
u(t) € R Boundary and actuation Inlet mass flows, valve po-
inputs sitions, pump speeds, im-
posed heat fluxes
6 € R Slowly varying uncertain  Effective friction factors,
coefficients junction loss scalings,
heat transfer multipliers
w(t) Process noise on dynam- Represents unresolved
ics turbulence, small-scale
variability, discretization
error
v(t) Measurement noise Accounts for sensor noise,
telemetry imperfections,
and time-aggregation ef-
fects
s Discrete sensor architec- Encodes locations, modal-

ture variable

ities, and feasibility con-
straints for deployed sen-
sors

torial. It may encode whether a pressure tap is placed
at a candidate cell, whether a differential pressure trans-
ducer spans a candidate segment, whether a temperature
sensor is present at a node, and whether a holdup proxy
is installed on an edge. Each deployed sensor has a cost,
and the design must respect a budget. The design also
must respect physical constraints: certain locations may
be infeasible due to packaging, certain modalities may
be excluded by safety regulations, and certain lines may
be inaccessible. These constraints are represented by
restricting the feasible set of s.

The excitation design variable is continuous [9]. It in-
cludes admissible boundary variations such as controlled
inlet mass flow modulation, valve position variations,
pump speed profiles, and heat flux modulation where
applicable. Excitations must respect safety constraints
on pressures and temperatures and must respect actu-
ator bandwidth limits. A crucial feature of multiphase
networks is that excitations can provoke regime transi-
tions, which may increase information but also increase
risk. The design must therefore include a risk-aware con-
straint on excitations, expressed in terms of predicted
state envelopes or probabilistic safety margins under
process noise.

Although this paper does not depend on regime clas-
sification models, it is useful to recognize that regime-
dependent behavior can be detectable from practical
measurements in annular geometries. Manikonda et al.

(2022) extended the annular-channel regime prediction
line by presenting highly accurate machine-learning clas-
sification models that infer gas-liquid flow regimes from
measured features with state-of-the-art accuracy, rein-
forcing that measurable signals can discriminate interfa-
cial configurations that drive closure changes [10]. In the
present context, that observation motivates sensor de-
sign objectives that emphasize not only mean pressure-
drop sensitivity but also sensitivity to latent slip and
holdup modes that distinguish regime-dependent trans-
port [11].

The design framework treats the dynamics model as a
probabilistic mapping from inputs to measurements. For
a given design (s, ug:7) over a horizon T, one can define
the joint distribution of latent variables and measure-
ments. Let ¢ denote the latent quantities of interest for
inference, which may include a subset of the state trajec-
tory, a reduced representation of internal holdup fields,
and uncertain coefficients . The value of a design is
then quantified as how much the measurements reduce
uncertainty about ¢. This reduction is formalized in the
next section through mutual information and Fisher in-
formation approximations that can be computed along
admissible trajectories.



Table 2 Admissibility conditions in the entropy-stable networked two-fluid model.

Constraint type

Mathematical form

Role in design

Discrete entropy inequal-
ity

Positivity of phases

Equation-of-state consis-
tency

n(Xn41) n(xn) <
At X(xp,up,0),2 <0

ay € [e,1 — €], nonnega-
tive masses and internal
energies

Pressure and temperature
derived from conserva-
tive variables

Ensures entropy-stable
evolution and suppresses
spurious numerical insta-
bilities

Prevents unphysical void
fractions and negative en-
ergies in trajectory simu-
lation

Couples phase fields to
thermodynamic variables

Junction conservation

Safety envelope

ZGES(V) sveFex(x,u,0) =
0

¢(x(t)) < 0 or probabilis-
tic variants over [0, T]

used in sensing and risk
constraints

Enforces mass and en-
thalpy conservation at
nodes with differentiable
split models

Constrains  pressures,
temperatures, and
holdup within acceptable
operating limits

3. Trajectory-Dependent Information Mea-
sures for Observability

Observability in nonlinear dissipative systems is not a
binary property but a spectrum that depends on operat-
ing conditions, sensor architecture, and excitation. For
multiphase networks, the sensitivity of measurements to
internal states can change abruptly when a regime tran-
sition shifts the effective coupling between phases. It is
therefore natural to formulate instrumentation design in
terms of information measures that explicitly depend on
trajectories. This section develops such measures and
explains their connection to posterior contraction for
latent variables of interest [12].

Let ¢ denote latent variables to be inferred, with prior
density p(¢). Given a design consisting of a sensor ar-
chitecture s and an excitation input uq.7, let yo.r denote
the resulting measurement sequence with conditional
density p(yo.1 | ¢, s, uo.7). The expected information gain
about ¢ is defined as the mutual information

P()’o:r I g, s, Uo:T)
, (5
p(yo.r | s, uo:T)

I(¢; yor | s,upr) = E|log

where the expectation is taken under the joint distri-
bution induced by the prior and the likelihood. Maxi-
mizing this quantity over s and ug.7 vields a design that,
in expectation, most reduces posterior uncertainty. In
practice, exact mutual information is difficult to compute
for high-dimensional nonlinear models, and so tractable
approximations are required.

A common approximation for information design is
based on Gaussian linearization about a nominal tra-
jectory. Suppose ¢ parameterizes initial conditions and
uncertain coefficients, and suppose the measurement
map is differentiable. Linearizing the measurement pre-
diction around a nominal £ yields

JOE-D + e (6)

where J is the Jacobian of the stacked measurement
sequence with respect to ¢ and e represents aggregated
noise. If the prior on ¢ is Gaussian with covariance P, and
the noise is Gaussian with covariance R, the posterior
covariance is

y~=y() +

Poost=Po' + JTRTU ?)
The matrix JTR~"J is a Fisher information approximation.
Information gain can then be related to the log deter-
minant ratio of prior and posterior covariances [13]. A

D-optimality surrogate for expected information gain is
Ib(s,up:r) = logdet(Py" +JTR™Y), (8)

up to constants independent of design. This surrogate
is attractive because it reduces information design to
computing the sensitivity Jacobian J along the trajectory
induced by (s, uo.7), and then solving an optimization
problem over a scalar objective.

In multiphase networks, naive linearization can fail
near regime transitions because the Jacobian can change
rapidly and the noise can be state dependent. To address



Table 3 Representative measurement modalities and their abstractions.

Modality

Measurement operator
h(x,s)

Characteristics

Absolute pressure tap

Differential
transducer

pressure

Point temperature sensor

Local pressure derived
from conservative vari-
ables

Pressure difference
across two points or
segments

Local temperature from
phase energies and com-

Sensitive to integrated
pressure loss and bound-
ary conditions

Enhances sensitivity to
friction, slip, and junction
losses; cancels common-
mode errors

Probes energy balance
and heat transfer behav-

position ior
Holdup or void-fraction Local or segment- Direct information on
proxy averaged void fraction interfacial configuration
functional and slip-related modes

Time-averaged signal

%/J”_A h(x(t),s) dt

where available

Represents sensor filter-
ing and telemetry aver-
aging, attenuating high-
frequency content

this, the framework uses trajectory-dependent local in-
formation accumulation. Let y, denote measurements at
times t, and let J, denote the Jacobian of y, with respect
to ¢. The accumulated information over a window is

N
Ir = J7Ry U, (9)
n=0

where R, may depend on predicted sensor signal am-
plitude and bandwidth. This accumulation naturally ac-
counts for transients: when an excitation causes a sensi-
tive response, the corresponding J, contributes strongly
to 7. When the system is quiescent, 77 grows slowly.
The D-optimality surrogate becomes logdet(P;" + I7),
which is explicitly trajectory dependent.

The Jacobians J, can be computed by sensitivity prop-
agation or by adjoint methods [14]. For high-dimensional
multiphase states, direct sensitivity propagation is ex-
pensive because it scales with the dimension of £. Adjoint
methods are preferred when ¢ is high dimensional but
the number of measurement channels is moderate. Let
x(t) evolve according to the admissible dynamics and let
the measurement prediction be y, = h(x(t,), s). The sen-
sitivity of y, to parameters and initial conditions involves
the state transition operator. An adjoint formulation ex-
presses gradients of an objective with respect to ¢ in
terms of backward integration of an adjoint variable. Be-
cause the design objective involves the log determinant
of an information matrix rather than a simple scalar mea-
surement mismatch, the adjoint must be embedded in
a matrix calculus. A practical approach is to compute

directional derivatives by sampling probe vectors, which
enables stochastic trace and log determinant estimation.

To make these statements concrete, consider { com-
posed of uncertain coefficients 8 and an initial state com-
ponent xq [15]. For a discretized time horizon with step
size At, the state update is

Xp+1 = CD(Xna Up, 9) +  wp, (10)

with ® representing the entropy-stable projected update.
Define the linearized transition matrices

oo
Ap = a_(Xm Un, ),
X
od
Bn = %(Xl‘h Un, 9)5 (11)

and the measurement Jacobian

Cp = ﬁ(xn,s). (12)
ox

Then the sensitivity of measurements to parameters can
be expressed through a recursion for a sensitivity state,
but in adjoint form, gradients can be computed by back-
ward recursion. While the full derivation is lengthy, the
key computational point is that the matrices A, inherit
stability from the entropy-stable projection. Without ad-
missibility enforcement, A, can have spurious unstable
modes that dominate sensitivity and distort information
metrics. The entropy constraint thus influences informa-
tion design not only through feasibility of trajectories
but through the conditioning of sensitivity operators [16].



Table 4 Latent variables and safety-relevant quantities targeted by inference.

Quantity

Example components

Purpose

¢ (latent variables)

Slip-related modes

Junction-loss parameters

Reduced state summaries,
internal holdup fields, un-
certain coefficients 9

Parameters controlling
phase velocity differences
and relaxation

Scaling coefficients in
node pressure-loss mod-

Compact representation
of internal configurations
relevant for prediction
and closure

Capture regime-
dependent momentum
partitioning and interfa-
cial structure

Influence network-level
pressure distribution and

els

q(xo:1,6)

Posterior covariance of ¢ Var(q

vy q’ PpostVeq

Minimum liquid holdup,
maximum wall tempera-
ture, peak pressure

flow splitting forecasts

Safety-relevant func-
tionals wused in risk
constraints and decision
thresholds

Quantifies residual uncer-
tainty in risk metrics after
sensing and excitation

y) ~

Mutual information approximations based on Fisher
information can be optimistic when the posterior is non-
Gaussian or multimodal. Multiphase networks can pro-
duce multimodality when different internal holdup pat-
terns yield similar pressure signals, especially under
sparse instrumentation. The framework therefore uses
robustness checks based on ensemble linearization. One
draws an ensemble of prior samples of ¢, simulates ad-
missible trajectories under the candidate design, com-
putes sample Jacobians or finite-difference sensitivities,
and averages the resulting information criteria. This
yields an approximation to expected information gain
that is less sensitive to a single nominal trajectory. The
design objective becomes

Ip(s.uor) = Egop) [logdet(Pg’ +I7 (¢ s, Uo:r))], (13)

approximated by Monte Carlo. Because direct Monte
Carlo is expensive, one can reuse trajectories and sensi-
tivities across iterations by amortizing computations for
candidate sensors and by employing low-rank updates
when a sensor is added or removed [17].

A second information measure that is especially rele-
vant for safety-critical multiphase operation is the infor-
mation about specific quantities of interest rather than
about the full state. Let g = g(xo.7,6) denote a scalar
quantity such as minimum liquid holdup at a pump in-
let, maximum wall temperature, or maximum pressure.
The design should reduce uncertainty about g, even if
other state components remain uncertain. An informa-
tion criterion targeting g can be derived by considering
the posterior variance of g under a linearization. If g is

differentiable in ¢, one has

Var(q | y) = V¢q " PpostV¢q. (14)

A design criterion can then minimize this variance or its
worst-case value over operating scenarios. This focus is
important in multiphase systems because full-state ob-
servability is often unattainable, but uncertainty about
a small set of risk-relevant functionals may still be re-
ducible by appropriate sensing.

The information design must also account for sensor
modalities that respond differently to latent variables.
A pressure tap is primarily sensitive to pressure, which
is linked to momentum balance and integrated losses,
while a temperature sensor is sensitive to energy balance
and heat transfer, and a holdup proxy is directly sensi-
tive to void fraction [18]. Differential pressure sensors
are often more informative than absolute pressures for
identifying friction and slip because they cancel common-
mode uncertainties. The information matrix naturally
captures these differences through the measurement
Jacobians C, and the noise covariances R,. Yet in mul-
tiphase networks, the interaction of sensor noise with
dynamics is nontrivial. For example, if a sensor reports
a time-averaged signal, it attenuates sensitivity to high-
frequency excitations, reducing information about fast
slip dynamics. This effect can be captured by augmenting
the measurement operator with the averaging window
and propagating sensitivities through it, which changes
C, and therefore changes the optimal excitation.

Finally, information measures must be computed un-
der admissible excitations. If an excitation increases
information by provoking a large transient, it may also



Table 5 Information measures used to quantify observability along trajectories.

Measure

Expression

Interpretation

Mutual information

Fisher information matrix

D-optimal surrogate

Trace-based criterion

Ensemble linearization

I (D))

I( yor | s,uor)

Ir=Y,JTR s

Jp = logdet(Py " + I7)

S = tr(WoIT)

Ip = [E;[logdet(Po‘1 +

Expected reduction of un-
certainty in latent vari-
ables due to measure-
ments

Accumulated local sensi-
tivity of measurements to
¢ along a trajectory

Roughly maximizes over-
all posterior volume re-
duction under Gaussian
approximation

Emphasizes specific pa-
rameter directions linked
to quantities of interest

Mitigates single-
trajectory bias and
accounts for regime-
dependent sensitivity

push the system close to safety limits. The design frame-
work incorporates this by constraining either predicted
state envelopes or probabilistic risk measures under pro-
cess noise. A typical constraint is a chance constraint on
pressure and temperature: [19]

um(tg?g;(] c(x(t) <0) = 1-8, (15)

with c(x) encoding limit violations and 6 a risk tolerance.
Because chance constraints are difficult, the framework
uses conservative surrogates based on posterior pre-
dictive quantiles or on conditional value-at-risk. These
surrogates depend on uncertainty propagation, which
is itself influenced by sensing and excitation, creating a
coupled design problem.

The next section uses these information measures to
define a joint optimization over discrete sensor place-
ment and continuous excitation profiles, and it develops
computational methods suitable for network-scale mul-
tiphase systems with entropy-stable dynamics.

4. Joint Sensor Placement and Safe Excitation
Optimization

The design problem combines discrete decisions about
sensor deployment with continuous decisions about ex-
citation. Let S denote the set of feasible sensor architec-
tures and let U denote the set of admissible excitation
trajectories over a horizon [0, T] subject to actuator and
safety constraints. The goal is to maximize an informa-
tion criterion while respecting budget and risk limits. A
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representative optimization is

,max Io(s,u) = AuRu(u)
st. cost(s)<B
Risk(s,u) < p, (16)

where Jp is an expected D-optimality surrogate for infor-
mation gain, R, is an actuation regularizer that penalizes
overly aggressive or high-frequency inputs, B is a budget,
and Risk is a safety surrogate. The risk surrogate may be
defined in terms of predicted pressure and temperature
envelopes under process uncertainty, and it is evaluated
using admissible dynamics [20].

The discrete nature of s makes the problem combi-
natorial. A tractable strategy is to decompose it into
an outer loop over sensor selection and an inner loop
over excitation optimization, using relaxations that ex-
ploit structure in information criteria. Under Gaussian
linearization, the information matrix for a set of sensors
can be expressed as a sum of per-sensor contributions.
If sensor channels are conditionally independent given
the trajectory, the accumulated information takes the
form

Ir(s) = ZIU), (17)

JEs

where ITU) is the information contribution of sensor j
along the trajectory induced by u. The D-optimality cri-
terion logdet(P;" + ZJ-ESIT(/)) is monotone and often
exhibits diminishing returns, which can be connected
to submodularity under certain assumptions. This mo-
tivates greedy selection: sensors are added one by one,



Table 6 Components of the joint sensing and excitation design problem.

Component Representation Associated constraint or
penalty
Sensor architecture seS Feasibility set encodes lo-

Excitation trajectory

Information objective

gate
Budget constraint cost(s) < B
Risk surrogate Risk(s,u) <p
Actuation regularization ARy (u)

ueUover[0,T]

Ip(s,u) or trace surro-

cations, modalities, and
deployment restrictions

Actuator bandwidth,
amplitude limits, and
admissibility-induced
state envelopes

Drives selection of infor-
mative sensing and exci-
tation configurations

Limits number and type
of sensors via installation
and maintenance cost

Enforces  probabilistic
pressure, temperature,
and holdup safety mar-
gins

Discourages aggressive,
high-frequency, or op-
erationally  disruptive
excitations

each time selecting the sensor that yields the largest
marginal increase in the objective, subject to cost. While
submodularity is not guaranteed in nonlinear multiphase
dynamics, greedy selection performs well when informa-
tion contributions are approximately additive and when
correlations between sensor channels are not extreme.

To enable greedy selection, one needs efficient
marginal gain computation. The matrix determinant
lemma provides a low-rank update formula when adding
a sensor contributes a low-rank information increment
[21]. If a sensor produces a scalar measurement at each
time, its contribution to 77 can be approximated as a
sum of outer products of sensitivity vectors scaled by
noise inverse. Adding such contributions updates the
determinant via a sequence of rank-one updates. In prac-
tice, time aggregation and filtering can yield low effective
rank, further supporting efficient updates. This computa-
tional structure allows one to evaluate many candidate
sensors without recomputing full Jacobians from scratch,
provided that sensitivity vectors for candidate locations
are available.

Excitation optimization is continuous and can be ad-
dressed by gradient-based methods. The challenge is
that the objective depends on sensitivities of measure-
ments to latent variables, which themselves depend on
the trajectory induced by v. Differentiating Jp (s, u) with
respect to v therefore requires higher-order derivatives
if done naively. The framework avoids explicit second

derivatives by using a bilevel approximation: for a fixed
sensor architecture s, the excitation is optimized to max-
imize a proxy that correlates strongly with information
but has simpler gradients. A practical proxy is the trace
of the information matrix or a weighted trace targeting
quantities of interest:

Jir (s, u) = (W, I (s, u)), (18)

where W, weights directions in parameter space relevant
to quantities of interest [22]. The gradient of this trace
objective can be computed using adjoints without requir-
ing log determinant derivatives. Once a good excitation
is found under the trace proxy, the full D-optimality can
be evaluated and optionally refined using stochastic log
determinant gradients computed by Hutchinson estima-
tors.

The risk constraint couples sensing and excitation be-
cause better sensing can reduce uncertainty and there-
fore reduce risk under the same excitation. In a design
stage, sensors are not yet deployed, so the risk should be
evaluated under the anticipated posterior after sensing,
not under the prior. This creates a circular dependence.
The framework resolves this by using a predicted poste-
rior covariance under the candidate design, computed
from the information approximation. The risk surrogate
can then be expressed in terms of mean and covariance
of safety-relevant quantities. If g denotes a vector of
safety-relevant functionals, the predicted covariance of

1



Table 7 Algorithmic structure for joint optimization over sensing and excitation.

Stage Main decisions Computational tool  Notes
Trajectory simula- Propagate admis- Entropy-stable Provides base
tion sible dynamics for semidiscretization  trajectories  and

Sensitivity evalua-
tion

Excitation optimiza-

candidate (s, v)

Compute J,, IT

Adjust v for fixed s

with projection

Forward sensitiv-
ities or adjoint
recursions

Gradient-based

linearizations under
process noise

Reused across many
sensor subsets via
amortization

Uses adjoint gradi-

tion

Sensor selection Update s for fixed u

Iterate between
sensing and excita-
tion design

Outer alternation

search on trace ents and respects

proxy actuator and risk
constraints

Greedy or relaxed Exploits approxi-

mixed-integer
dates

mate submodularity
and low-rank deter-
minant updates

up-

Limited number of
outer loops

Captures coupling
while keeping com-
putational cost
manageable

g is approximated by [23]
(19)

where G = dq/d¢ is a sensitivity matrix. A conservative
risk surrogate for a linear constraint a™q < b is then

k+vyaTCov(g)a < b,

with « chosen to reflect a desired confidence level. While
multiphase constraints are rarely linear, this structure
motivates using local linearizations for risk evaluation
and provides a computationally manageable coupling
between information gain and safety.

Entropy-stable dynamics play a direct role in exci-
tation optimization. If an excitation attempts to drive
the system into a region where the discretization would
violate positivity or produce spurious oscillations, the
admissibility projection modifies the trajectory, which
changes sensitivities and may reduce information. Thus,
the optimization naturally discourages unsafe or numer-
ically pathological excitations, because they fail to de-
liver consistent information gain once admissibility is
enforced. This is an important distinction from designs
computed on unconstrained linearized models, which
may propose excitations that are informative only by ex-
ploiting unstable numerical modes that would not persist
in a physically admissible evolution.

A significant practical issue is that multiphase net-
works can contain slow and fast time scales [24]. Slip
relaxation and pressure wave propagation can be fast
relative to thermal evolution, while holdup redistribution

Cov(q) ~ G Ppost G',

T

ap, + (20)
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can be intermediate. Excitation design must therefore
consider actuator bandwidth and measurement sampling.
A high-frequency excitation may be attenuated by sensor
time averaging, yielding little information. The frame-
work accounts for this by including sensor filters in the
measurement operator and by including actuation dy-
namics in U. In effect, excitation is designed in the space
of feasible actuator trajectories, not in an idealized space
of arbitrary boundary functions.

Because the full joint optimization is still expensive,
the framework uses an alternating strategy. For a candi-
date sensor architecture, it optimizes excitation under
the trace proxy and risk constraints using adjoint gra-
dients. Then it updates the sensor architecture using
greedy selection evaluated on the optimized excitation.
This alternation is repeated a small number of times until
improvements diminish [25]. While not globally optimal,
this approach leverages the fact that sensor selection
and excitation influence each other through sensitivity
structure, and it is computationally feasible for networks
with many candidate sensor locations.

The derivation of adjoint gradients under projection
merits attention. The entropy-stable update includes
a projection onto an admissible set, which is typically
defined by convex inequalities such as bounds on vol-
ume fraction and an entropy inequality. The projection
can be written as the solution of a constrained minimiza-
tion, and its derivative can be computed via the implicit
function theorem on the Karush-Kuhn-Tucker conditions.
This yields a Jacobian for the projected update that can
be used in adjoint recursion. In practice, one often uses a



Table 8 Summary of computational study configurations and qualitative outcomes.

Case

Network configura-
tion

Design shifts

Observability im-

pact

Annular segment

Branched junction

Single annular con-
duit with inlet/out-
let actuation

Three-branch net-
work with merging
junction

Emphasis on differ-
ential pressure over
long segments

Sensors placed near
junction-adjacent
cells and across

Improved inference
of slip and holdup
compared with
boundary-only
pressure taps

Reduced confound-
ing between branch
friction and junc-

Multi-inlet excita-
tion

Branches with par-
tially independent
inlet actuation

Regime-varying op-
eration

Operating  enve-
lope with regime-
dependent closure
behavior

branches

Trade between
added sensors and
controllability

tion loss scaling

Multi-inlet modula-
tion partially substi-
tutes for additional
junction sensors

Robust information
across regime tran-
sitions without re-
lying on explicit la-
bels

Sensors distributed
across gravity-
sensitive regions

differentiable approximation to the projection, such as a
smooth barrier or a soft clipping that preserves differen-
tiability and approximates the hard constraints closely.
The design framework is compatible with either, provided
that the resulting dynamics remain close to admissible
and that the sensitivities do not become dominated by
the approximation artifact.

The output of the optimization is not merely a sen-
sor list but a structured design recommendation: which
modalities to deploy, where to deploy them, and which
safe excitation protocol to use for commissioning or peri-
odic re-identification [26]. This is particularly relevant in
multiphase systems where permanent instrumentation
may be limited by cost or accessibility, but temporary ex-
citations can be performed during maintenance windows
to improve inference quality. The next section illustrates
these points through computational studies, emphasiz-
ing how optimal designs differ from common heuristics
and how they behave under regime transitions and net-
work coupling.

5. Computational Studies in Annular and
Branched Configurations

Computational studies are used to test whether the pro-
posed information-theoretic design framework yields
sensor architectures and excitations that materially im-
prove observability in multiphase networks under re-
alistic constraints. The experiments are constructed
around entropy-stable two-fluid semidiscretizations on
one-dimensional edges coupled by differentiable junc-
tion models. Process noise is included to represent unre-

solved variability, and sensor noise and time aggregation
are included to reflect telemetry. The latent variables of
interest ¢ include selected internal holdup and slip sum-
maries, a reduced representation of internal state, and
uncertain scaling coefficients for friction and junction
losses. The objective is to reduce posterior uncertainty
about these variables and about safety-relevant func-
tionals, not to perfectly reconstruct the full internal field.

The first study considers a single annular conduit seg-
ment representative of a local annulus in a larger system,
operated under time-varying inlet mass flow and out-
let pressure [27]. Candidate sensors include absolute
pressure taps at multiple positions, differential pressure
transducers spanning multiple segments, and a limited
number of temperature sensors. The budget allows only
a small subset of these candidates. Common heuristic
instrumentation places pressure sensors at inlet and out-
let and, if possible, one mid-point pressure tap. The
information-theoretic design, in contrast, frequently se-
lects at least one differential pressure measurement
spanning a segment that is predicted to exhibit high
sensitivity of pressure drop to slip and holdup modes
under feasible excitations. This occurs because differ-
ential pressure cancels common-mode uncertainty and
amplifies sensitivity to distributed friction and interfa-
cial drag, making it more informative for internal latent
variables than an additional absolute pressure tap with
similar noise.

Excitation design in the annular segment study re-
veals a trade-off between transient amplitude and safety.
A naive approach might propose large step changes in
inlet flow to excite dynamics, but such steps can push
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Table 9 Observed limitations and implications for instrumentation practice.

Setting Limitation Cause Design implication
Boundary-only Internal distri- Mapping to bound- Requires internal or
sensing butions remain ary pressures junction-adjacent
indistinguishable collapses onto sensors to break
low-dimensional symmetry
manifolds
Aggressive excita- Information gains Frequent admis- Shape excitation to

tion

Sparse temperature
sensing

Highly multimodal
posteriors

saturate or de-
crease
Thermal effects

weakly identifiable

Gaussian informa-
tion surrogates
become optimistic

sibility projection
damps informative
modes

Limited direct ob-
servation of energy
balance and heat
transfer

Multiple internal
holdup  patterns
explain similar
measurements

stay within informa-
tive, minimally pro-
jected regions

Additional tem-
perature channels
needed if thermal
closures are critical

Ensemble-based
criteria help, but
some ambiguity is
irreducible

pressure and void fraction toward limits. The optimized
excitation tends to be shaped, with a rise profile that
respects actuator slew and avoids sharp discontinuities
[28]. Under the entropy-stable admissible dynamics, this
shaped excitation yields a sustained transient in differ-
ential pressure and outlet temperature that produces a
larger accumulated information 77 than a sharper but
riskier perturbation, because the risk constraint forces
the sharper perturbation to be smaller in amplitude. This
illustrates a general phenomenon: when risk constraints
bind, the optimal excitation is often one that uses avail-
able safe headroom efficiently by distributing excitation
energy over time rather than by concentrating it.

Posterior contraction is evaluated by simulating mea-
surement sequences under the chosen design and per-
forming Bayesian filtering on ¢. With the heuristic sen-
sor placement, posterior uncertainty in slip-related la-
tent variables remains large, and uncertainty in mini-
mum liquid holdup remains high during transients. With
the information-designed placement and excitation, the
posterior variance of these latents reduces significantly,
and predictive intervals for safety-relevant functionals
narrow without sacrificing calibration. Importantly, the
contraction is not uniform across all latent variables.
Thermal-related latents may remain weakly informed if
only one temperature sensor is available, which is consis-
tent with the information matrix indicating weak sensi-
tivity. The design framework does not artificially suggest
that thermal closure-like effects are identifiable when
they are not; it reallocates sensing to the most informa-
tive variables given constraints.

The second study considers a three-branch network
in which two inlet branches join at a junction, merge with
a third branch downstream, and flow through an outlet
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segment [29]. Junction coupling creates nonlinear mixing
and makes observability highly topology dependent. Can-
didate sensors include pressures near junction-adjacent
cells, differential pressures across each branch, and a lim-
ited number of node temperatures. A common heuristic
is to instrument only at network boundaries, but this of-
ten leaves junction-induced uncertainties unobservable.
The information-theoretic design consistently assigns
value to junction-adjacent differential measurements,
even when boundary pressures are already available,
because those measurements break symmetries in the
network and reduce confounding between branch friction
and junction losses.

A striking outcome is that the optimal sensor architec-
ture depends strongly on feasible excitation. If excitation
is restricted to a single inlet flow modulation, the design
prioritizes sensors that discriminate branch contribu-
tions under that excitation, often placing a differential
sensor on the excited branch and a pressure sensor near
the junction. If excitation can be applied independently
on multiple inlets, the design may place fewer sensors
near the junction because multi-inlet excitation itself
breaks confounding by producing distinct transient sig-
natures across branches. This demonstrates that sensing
and excitation are substitutes to a degree, and the joint
optimization captures that substitution by trading ac-
tuator capability against sensor cost. In practice, this
suggests that investments in controllability can reduce
instrumentation requirements for identifiability, and con-
versely, strategic instrumentation can compensate for
limited actuation [30].

The third study introduces regime-transition-like be-
havior by allowing the effective slip relaxation rate and
friction partitioning to vary with operating point. The



objective is not to classify regimes, but to ensure that
the sensor design remains informative across transitions.
The information criterion is therefore evaluated under
an ensemble of prior scenarios spanning different oper-
ating regions. The resulting design is more robust than
designs computed on a single nominal trajectory. In par-
ticular, it avoids placing all sensors in a region that is
informative only in one regime. Instead, it distributes
sensors across locations that remain sensitive to the
latent holdup modes in multiple regimes, often near re-
gions where gravity and pressure gradients interact. The
designed excitation is also chosen to traverse operat-
ing points in a controlled way that increases sensitivity
without triggering prolonged excursions into poorly ob-
servable regions.

Because regime-dependent interfacial structure can
be inferred from accessible signals under certain con-
ditions, as suggested by high-accuracy annular regime
predictors, one might expect that adding a dedicated in-
terfacial structure sensor would dominate the design [31].
However, such sensors are often infeasible. The design
framework therefore focuses on what can be achieved
with practical modalities. The results show that even
without direct holdup measurement, a combination of
differential pressure and shaped excitation can signifi-
cantly improve information about holdup-related latent
variables. This improvement does not rely on hard regime
labels, and it remains valid in the presence of process
noise and sensor time averaging.

Design quality is evaluated not only by posterior
covariance reduction but by downstream performance
in tasks that depend on inference. One such task is
early detection of impending low-holdup conditions that
could threaten pump performance. Under heuristic sens-
ing, the posterior predictive distribution of minimum
holdup remains broad, so the detection threshold must
be conservative, producing many false positives. Under
information-designed sensing and excitation, the predic-
tive distribution narrows and aligns with the truth more
consistently, enabling a tighter threshold with fewer false
positives at the same missed-detection risk [32]. Another
task is estimation of junction loss scaling, which influ-
ences forecasting of pressure drop under planned flow
changes. The information-designed architecture reduces
confounding and yields more stable estimates across
transients, improving forecast reliability.

Failure cases are instructive. In certain network con-
figurations, boundary-only sensing cannot disambiguate
internal distributions regardless of excitation amplitude,
because the mapping from internal states to boundary
pressures collapses onto a low-dimensional manifold de-
termined by integral losses. In these cases, information
gain saturates quickly with additional excitation, and the
design framework identifies this saturation by a plateau
in logdet(P; " + I7). The implication is that instrumenta-
tion must be placed internally, near junctions or along
branches, to break the symmetry. Another failure case

arises when the admissibility constraints force projec-
tion frequently due to aggressive excitation. Frequent
projection can damp the very modes that provide infor-
mation, reducing sensitivity and therefore reducing the
information criterion. The optimal design avoids this by
choosing excitations that remain within a region where
the dynamics are informative and projection is rare, high-
lighting that admissibility is not merely a constraint but
an active factor shaping information [33].

Computational cost is a practical concern. The alter-
nating optimization strategy reduces cost by amortiz-
ing sensitivity computations for candidate sensors and
by using low-rank determinant updates in greedy selec-
tion. Adjoint computations are performed on the entropy-
stable semidiscretization, and probe-vector techniques
are used to approximate log determinant gradients. The
overall compute remains dominated by trajectory simu-
lations under candidate excitations and scenarios. This
cost is manageable for design-stage offline optimization
and can be further reduced by scenario reduction, where
only the most informative and most risky scenarios are
retained. The design results are stable under moderate
scenario reduction, suggesting that a relatively small set
of representative operating conditions can guide instru-
mentation decisions effectively.

The studies collectively demonstrate that information-
theoretic design produces sensor architectures that are
qualitatively different from common heuristics in multi-
phase networks. It shifts emphasis toward differential
measurements and junction-adjacent placement, and
it prescribes shaped excitations that improve sensitiv-
ity under safety constraints [34]. At the same time, it
highlights fundamental limits: some internal variables
cannot be made observable with boundary-only sens-
ing, and some thermal effects remain weakly identifiable
without distributed temperature measurements. These
limits are not defects of the method but reflections of
the underlying physics and measurement structure.

6. Conclusion

This paper presented an information-theoretic frame-
work for designing sensor architectures and safe ex-
citation protocols for networked gas-liquid two-fluid
systems under entropy-based admissibility constraints.
The framework formulates instrumentation value as ex-
pected information gain about latent variables of in-
terest and safety-relevant functionals, computed along
admissible trajectories of an entropy-stable semidis-
cretization coupled through differentiable junction mod-
els. Trajectory-dependent Fisher information and D-
optimality surrogates were developed to quantify ob-
servability in nonlinear dissipative dynamics, and robust
ensemble-based approximations were introduced to han-
dle regime-dependent sensitivity. The resulting design
problem was posed as a mixed discrete-continuous opti-
mization with budget and risk constraints, and computa-
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tionally feasible strategies were described using greedy
sensor selection with low-rank determinant updates and
adjoint-based excitation optimization under admissible
dynamics.

Computational studies in annular and branched con-
figurations showed that optimal designs tend to allocate
sensors near junction-adjacent regions and prioritize dif-
ferential measurements that condition latent slip and
holdup modes, while excitations shaped within actuator
and safety limits can substantially increase information
accumulation without increasing risk. The results also
clarified failure modes and fundamental limits in which
boundary-only sensing cannot disambiguate internal dis-
tributions or in which thermal effects remain weakly iden-
tifiable without additional modalities. Overall, the frame-
work provides a principled basis for instrumentation deci-
sions in multiphase networks where sensing is expensive,
excitations are constrained, and admissibility is essential
for reliable sensitivity and information analysis [35].
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